C o m m u n .Fa c .S c i.U n iv .A n k .S e rie s A 1 Vo lu m e 6 4 , N u m b e r 1 , P a g e s 1 -1 3 ( 2 0 1 5 ) D O I: 1 0 .1 5 0 1 / C o m m u a 1 _ 0 0 0 0 0 0 0 7 2 3 IS S N 1 3 0 3 -5 9 9 1 Abstract. This paper is concerned with the statistical modeling of the dependence structure of multivariate …nancial data using copula. Since …nancial data is greatly a¤ected by the economic factors, it often varies according to the time. Therefore, dynamic copula model is used that takes into account the time-varying. In addition, portfolio optimization based on Mean-CVaR model is applied with Monte Carlo simulation. As an application, a portfolio with four di¤erent Indexes is constructed from the Turkish …nancial markets. The marginal distributions of assets in the portfolio are estimated and parameter estimates are given for the di¤erent copula models. The portfolio optimization based on CVaR is made for the portfolio created from the speci…ed copula model.
INTRODUCTION
Modern Portfolio Theory is an approach which had emerged after the 1950s and has enabled the creation of portfolios, taking into account the relationships between assets. Markowitz [1] presented the mean variance model and laid the foundations of modern portfolio theory. Portfolio risk is measured by variance in the mean variance model. When the return data is not distributed normally, it is more appropriate to use other risk measurements instead of measuring risk by variance. Value at Risk (VaR) and Conditional Value at Risk (CVaR) are the most known risk measurements in the …eld of …nance. In the …rst studies carried out in …nance, VaR was used as risk measurement. However, VaR could not ensure the attributes of being subadditive and convex, which are required in a risk measurement. It is of importance to ensure these attributes, particularly in a portfolio optimization. CVaR has been recommended as opposed to VaR, since it can ensure these attributes [2] . In this study, risk measurement was adopted as CVaR, and the mean-CVaR model was used for portfolio optimization.
In order to estimate the portfolio CVaR in a more accurate way, the nonlinear dependency between the tails of return on assets should be revealed. In this study, the copula model that was …rst mentioned in Sklar [3] was used in order to model the dependency structure between the return series. However, since the …nancial data exploited varied with respect to time, the dynamic copula model was applied to the data instead of a known copula model [4] .
In order to conduct a portfolio optimization based on CVaR , the copula parameter should primarily be estimated. In the literature, there are di¤erent methods for the copula parameter estimation. The Inference Function for Margins (IFM) method, based on the marginal distribution, Kendall's based on sequence independent of marginal functions and Maximum Pseudo Likelihood (MPL) method, are the most known estimation methods. In this study, Two-Stage IFM method was used. In this method, the parameter of marginal distribution is estimated in the …rst phase, and copula parameter is estimated in the second phase [5] . For the test of marginal and copula goodness of …t, AIC and BIC criteria were applied. Finally, portfolio optimization based on the CVaR risk measurement was made for the data generated from this model with the Monte Carlo simulation method, and the weights in the portfolio were determined.
Comprehensive information regarding copula is available in the study of Joe [6] and Nelsen [7] .
In the …eld of …nance, copula was …rst mentioned by Embrechts et al. [8] . The …rst applications of this subject were given in Cherubini [5] . Jondeau and Rockinger [9] used the Copula-GARCH model in order to determine the dependence structure among stocks. Other studies that included this model have been presented in Wei and Zhang [10] , Ozun and Cifter [11] , and Huang et al. [12] . Optimization studies based on CVaR were recommended in Uryasev and Rockafellar [2] for the …rst time. The application of the copula-GARCH model for portfolio risk analysis was given in Wu and Chen [13] , and Wang et al. [14] . He and Li [4] have conducted studies regarding the dynamic copula model based on CVaR and copula.
In the second part of the study, the dynamic copula model is introduced, and methods to …nd the estimations for parameters are given. In the third part, the de…nition of CVaR risk measurement is presented nd portfolio optimization based on CVaR is formed. In the fourth part, for a sample of Turkish …nancial data is tested and the results are presented. Finally, in the …fth part, the results are discussed and further studies that could be conducted in the future are mentioned.
DYNAMIC COPULA MODEL AND PARAMETER ESTIMATION
Copula functions are frequently used in modeling the dependency structure among the risk variables in the …eld of …nance and actuary. Sklar [3] states that there is only one expression of an n-dimensional C( ; : : : ) copula for any continuous (X 1 ; :::; X n ) random vector:
F (x 1 ; :::x n ) = C (F 1 (x 1 ) ; :::; F N (x n )) (2.1)
where F 1 ( ) ; :::; F N ( ) and F ( ; :::; ) respectively show the marginal and joint distribution functions of x 1 ; x 2 ; :::; x n random variables. In this study, static copula models (Gaussian, Student-t, Clayton, and Symmetrized Joe Clayton-SJC) and corresponding dynamic copula models (GDCC, tDCC, tvC, tvSJC) are used. The static copulas exploited are de…ned as follows [5, 7, 15] Table 1 . Bivariate copula functions and parameter space of the considered copulas Copula The used dynamic copula are created by applying the static copulas which are de…ned in Table 1 . According to the Sklar [3] theorem, the dynamic copula model is expressed as below [11] .
F (X 1t ; :::; X nt j t ) = C t (F 1t (X 1t j t ) ; F 2t (X 2t j t ) :::; F nt (X nt j t )) (2.2)
where t = fX 1t 1 ; X 2t 2 ; :::; X nt t ; :::g for t = 1; 2; :::; T represents the historical data until t time.
The …rst step to create the joint distribution of portfolio assets with the dynamic copula method is generating the marginal distribution of each asset. In the literature, since the …nancial data varies according to the time, it is stated that marginal distributions are in compliance with the GARCH model, which was …rst run by Bollerslev [16] . The GJR model was acquired by adding the dummy variable to the GARCH model. 4 
SIBEL AÇIK KEM ALO ¼ GLU AND EM EL KIZILOK KARA
GARCH(1; 1) n and GARCH(1; 1) t models can be expressed as below:
Here, provided that indicates conditional mean of return series, and 2 t 1
indicates conditional variance, it is de…ned as below. Moreover, t 1 indicates the information set and d indicates the degree of freedom.
GJR-n and GJR-t models are de…ned as:
is a dummy variable which is equal to 0 as opposed to 1 while " t is negative. Moreover, parameter intervals are given as 0 > 0; 1 0; 0 , + 0 and 1 + + 1 2 < 1. The parameters of the GARCH and GJR models are estimated with MLE method. The joint density function can be expressed as f (a 1 ; :::
where t 1 = fa 0 ; a 1 ; :::; a t 1 g : Given data a 1 ; :::; a t , the log-likelihood function is given as:
f (a n k j n k 1 )
Here, the conditional marginal distribution of X t+1 for the GARCH(1; 1) model is de…ned as follows: IC COPULA AND PO RTFO LIO OPTIM IZATION   5 For the GJR(1; 1) model:
The copula parameter should also be estimated in order to conduct portfolio optimization based on CVaR. Therefore, the IFM method that is composed of two phases based on the method of Maximum Likelihood Estimation (MLE) was used. The IFM estimates the marginal distribution parameters separately from the copula parameters. The estimation procedure of the IFM method consists of two steps [5] .
In the …rst step, the parameters of the marginals are estimated:
In the second step, the parameter of the copula model is estimated, given 1 :
The IFM estimator is de…ned as(Cherubini et.al., [5] )
To make the goodness of …t tests for marginal and copula, AIC (Akaike Information Criterion) [17] and BIC (Bayesian Information Criterion) [18, 19] criteria were used. AIC and BIC values are,
where LL is the log-likelihood at its maximum point of the model estimated and k is the number of copula parameters in the model. According to these criteria, the best choice is the model with minimum AIC or BIC value.
PORTFOLIO OPTIMIZATION BASED ON CVAR
CVaR measurement was introduced to the literature by the development of VaR measurement by Rockafellar and Uryasev [2] . Let x = (x 1 ; x 2 ; :::; x n ) T vector be a 6 SIBEL AÇIK KEM ALO ¼ GLU AND EM EL KIZILOK KARA portfolio with n assets, and let y = (y 1 ; y 2 ; :::; y m ) T be m type loss factor with p(y) density distribution. The loss factor of portfolio f (x; y) is given as follows:
For the given 2 (0; 1) con…dence level
f (x; y)p(y)dy (x) and (x) show V aR and CV aR at con…dence level, respectively. Rockafellar and Uryasev [2] converted the minimization problem of CV aR to that of F (x; ) . Here, F (x; ) is a constantly di¤erentiable function, which is composed of convex composition of V aR and CV aR.
Since the analytical expression of p(y) is di¢ cult, or it is not known generally in practice, y's are derived through the Monte Carlo simulation method. Accordingly, the (3.1) equation can be written as follows:
Here, provided that m indicates the number of simulations, x = (x 1 ; x 2 ; :::; x n ) indicates the weights of assets in the portfolio, and y j = (y j1 ; y j2 ; :::; y jn ) indicates the derived returns, the portfolio selection model based on CV aR optimization is given as below:
> > > > > :
Here, is the return expected by investor. CV aR optimization problem can be solved as a linear programming problem. Returns generated from the dynamic copula model are obtained from the Monte Carlo simulation.
NUMERICAL EXAMPLE
In this study, in order to demonstrate the performance of the copula-GARCH model, 1649 daily stock …nal quotations between January 4, 2007 and August 1, 2013, as well as USD and EURO currency data, were used. Stock …nal quotations were obtained from the website of BIST [20], and USD and EURO currency data were retrieved from the website of the Turkish Central Bank [21] . Daily market returns of BIST30, BIST100, USD and EURO are shown in Figure 1 .
When r t indicates the returns, it is given as:
Here P t indicates the index value at t time. The existence of volatility clustering is seen in Figure 1 . Therefore, the results are given in Table 2 , after quadratic returns that are named as ARCH e¤ects are tested with the Engle test (LM(4), LM(6), LM (8) , and LM (10)) to reveal whether there is a relation to the series. (10) 166.1320 0.0000 155.6451 0.0000 287.7057 0.0000 268.2120 0.0000 Table 2 consists of summary statistics of …nancial returns and statistical test information in relation to ARCH e¤ects. Thus, it is revealed that BIST30, BIST100, and USD have negative skewness (-0.1174, -0.2545 and -0.5112, respectively), the EURO has a positive skewness (0.2224), and marginal are not distributed normally according to JB statistics (p value < 0:05). It should be looked to the Engle test results to determine whether there is correlation between the data related to each …nancial return. According to the Engle test results, LM statistics indicate that there are ARCH e¤ects (p value < 0:05). Furthermore, the correlations for raw returns in Figure 2 were evaluated with autocorrelation functions (ACF) and partial autocorrelation functions (PACF). Here, it was observed that all autocorrelations are not zero after zero lag. Since …nancial returns are considered to be time series data, their marginal distributions were regarded as GARCH and GJR models to conduct copula estimation. Another result that supports the selection of these models is that kurtosis coe¢ cients that were computed for each of the …nancial returns were found to be greater than 3. As a consequence, empiric observations in regard to returns have greater leptokurtosis than the normal distribution. Goodness of …t for the distribution with regard to the residual series of each of the …nancial returns (BIST30, BIST100, USD, and EURO) were made for the GARCH and GJR models by selecting Normal and Student-t, respectively. Table 3 and Table 4 respectively show maximum likelihood results, estimated parameter values, AIC (Akaike Information Criterion) and BIC (Bayesian Information Criterion) values for GARCH and GJR models selection.
In order to determine the model that best explains …nancial returns, minimum AIC and BIC values should be sought in the tables. Table 3 and Table 4 demonstrate that the GJR-t (AIC:-8612.8174,-8895.0195) model can be used for BIST 30 and BIST 100, and the GARCH-t (AIC: -11681.6623, -11889.9500) model can be used for USD and EURO. An appropriate copula model was selected by using the estimated parameter values for the identi…ed marginal distributions. Four copula functions were created for the application. The copula selection model was examined in two situations: static (Gaussian, Student-t, Clayton, SJC) and dynamic (GDCC, tDCC, tvC, tvSJC). Table 5 demonstrates the parameter estimation results for the IFM method in regard to these situations, and AIC and BIC values. From the table, it is understood that in both situations, the Student-t copula is the best copula model in order to explain the dependency structure of …nancial returns with four variables. When examined separately for static and dynamic situations, the dependency structure of GJR marginal distributions with the minimum AIC (-8831.6529) in a dynamic situation was modeled ideally with tDCC copula.
It was identi…ed that …nancial data marginals that were used …t GJR-t, and joint dependency structure …t the tDCC dynamic copula model. By using the parameter values for selected model, the Monte Carlo simulation was performed 10,000 times, and portfolio optimization was achieved based on CVaR risk measurement. VaR and CVaR risk measurement values for di¤erent con…dence levels, and results including the weights for each …nancial asset are given in Table 6 . Accordingly, mean loss above a certain value, that is, CVAR value would reach the minimum when an investor allocates 35% of his/her assets in BIST30, 15% in BIST100, 30% in USD, and 20% in EURO within a 99% con…dence level. 
CONCLUSION AND DISCUSSION
In this study, the dynamic Copula model was introduced and applied to four di¤erent sets of …nancial data (BIST30, BIST100, USD, EURO) in Turkey. In order to shape the model, …rst, the marginal distributions of the data series were determined as GJR-t, and by using identi…ed marginal distributions, the copula model that established the dependency structure between the data series was selected as dynamic t (tDCC). By conducting the simulation, portfolio optimization was achieved based on CVaR risk measurement. Therefore, it can be inferred that investment in BIST30 is the best at each con…dential level in accordance with the portfolio optimization results based on the minimization of CVaR. Other best investments are USD, EURO, and BIST100 respectively.
It is possible to add extreme value theory to the model due to the fat tail of …nancial data. Another possibility is to take into account the change points; we can o¤er di¤erent models for every period. Those will be topics of the future work.
